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Abstract 

In the present work, we search static charged black hole solutions to Hofava-Lifshitz gravity with or 
without projectability condition. We consider the most general form of action which electromagnetic field 
couples with Hofava-Lifshitz gravity With the projectability condition, we find (A)dS-Reissner-Nordstrom 
black hole solution in Painleve-Gullstrand type coordinates in the IR region and a de-Sitter space-time 
solution in the UV region. Without the projectability condition, in the IR region, we find an especial static 
charged black hole solution. 
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I. INTRODUCTION 



The Hofava-Lifshitz gravity which was introduced in [Qllll] is intended to be a power-counting 
renormalizable gravity theory. The basic idea behind Hofava's theory is that time and space may 
have different dynamical scaling in UV limit. This was inspired by the development in quantum 
critical phenomena in condensed matter physics, with the typical model being Lifshitz scalar field 
theory y|, 3]. In this Hofava-Lifshitz theory, time and space will take different scaling behavior as 

x -> bx, t -> b z t, (1) 

where z is the dynamical critical exponent characterizing the anisotropy between space and time. 
Due to the anisotropy, instead of diffeomorphism, we have the so-called foliation-preserving dif- 
feomorphism. The transformation is now just 

t -> t{t), 

x l x'(x j ,t). (2) 

As a result, there is one more dynamical degree of freedom in Hofava-Lifshitz-like gravity than 
in the usual general relativity. Such a degree of freedom could play important role in UV physics, 
especially in early cosmology At IR, due to the emergence of new gauge symmetry, this 

degree of freedom is not dynamical any more such that the kinetic part of the theory recovers the 
one of the general relativity. 

Since time direction plays a privileged role in the whole construction, it is more convenient to 
work with ADM metric 

ds 2 = -N 2 dt 2 + hijidx' + N'dt)(dx j + N j dt), (3) 

in which N and Nt are called "lapse" and "shift" variables respectively. 

Taking Hofava-Lifshitz gravity as a new gravitational theory, it is an important issue to study 
its black hole solutions. In papers ll8l-[l5ll. it was assumed that the metric of the black solutions 
had the following Schwarzschild coordinates form 

dr 2 

ds 2 = -N(r) 2 dt 2 + + r 2 {d6 2 + sin 2 Odtp 2 ). (4) 

g(r) 

From this metric ansatz, it was found that there were new black hole solutions, even at IR. For 
example, in [10], based on a modified Hofava-Lifshitz -type action, an asymptotically flat solution 
with 

g = N 2 = 1 + cor 2 - ^r(co 2 r 3 + AcoM) (5) 



was found. And paper 111411 find a new static charged black hole solution in the IR region, paper 
[1151] had studied the extremal rotating no-charged black hole solutions. However, in the above 
ansatz © the "lapse function" N(r) obviously breaks the "projectability condition" which means 
that N only is the function of t. This is introduced in 01 Q]. For the metric of the form ©, we can 
work in the Painleve-Gullstrand coordinates by making a transformation 

Vl - Af 2 

dt s = dt PG — — dr. (6) 

Then the ansatz © becomes 

ds 2 = -dt 2 PG + (dr + yl\-N 2 dt PG ) 2 + (- - \)dr 2 + r 2 (dQ 2 + sin 2 6dtp 2 ). (7) 

g pp. 
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Comparing with the ADM metric, we find that N(t PG ) = 1 which is in accord with the projectability 
condition and if g = N 2 we reach ©. For instance, a Reissner-Nordstrom black hole after the 
transform © has the form 



V2.GM O 2 
^-dtpc) 2 + r 2 {dO 2 + sin 2 9d(p 2 ) 



(8) 



So paper H25I1 search non-charge black hole solutions to modified Hofava-Lifshitz gravity which 
was introduced by fTTvh with the metric ansatz as 

ds 2 = -N 2 dt 2 + -J—(dr + N r dt)(dr + N r dt) + r 2 (d6 2 + sin 2 9d(p 2 ), (9) 

fir) 

where iV only is a function of t. Paper |[25|l found maximally symmetric space solution with 
curvature A w and in the IR region, and (A)dS-Schwarzschild black hole solution in Painleve- 
Gullstrand type coordinates was found. In the UV region, it found a de-Sitter space-time solution. 

Then papers |[26l l27ll search black hole solutions with the same metric ansatz as ©, but N only 
is the function of r. They seem get some new black hole solutions. Actually the solutions of paper 



Q27D in the IR region is very similar as paper |12D. Furthermore, paper H28Q had studied the plane 
symmetric solutions in Hofava-Lifshitz theory. 

In the present work, we search static charged black hole solutions to Hofava-Lifshitz gravity 
coupling with electromagnetic field. We work on the same metric ansatz as ©. Whether the 
metric ansatz respects the projectability condition is determined on whether ./V only is the function 
of t. With the projectability condition, we find (A)dS-Reissner-Nordstrom black hole solution in 
Painleve-Gullstrand type coordinates in the IR region and a de-Sitter space-time solution in the 
UV region. Without the projectability condition, in the IR region, we find a static charged black 
hole solution which is similar as the results of II 1411 . In the UV region, we find the same solution 



as [8 



II. THE HORAVA-LIFSHITZ GRAVITY 

In this section, we give a brief review of Hofava-Lifshitz gravity. Using the ADM formalism, 
the action of this Hofava-Lifshitz gravitational theory is given by QjJ, [2|] 

S HL = j dtd 3 x(-C K + £v), 

_ Uaa w r-sa 2 w ) ^\l-AA) 

\ 8(1 - 3A) 32(1 - 3A) 

* 2 {C tl -^R,\(C>-^A\, dO) 



2a> 4 \ 3 2 7 \ 2 

where J\ K is the kinetic term and JL V is the potential term. If we consider the term which represents 
a "soft" violation of the "detailed balance" condition in [2] and add the term in the action, The 
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kinetic term Xa- is the same, and the potential term Xy becomes 



£v = VWV \ W^3l) + 32(1 - 3A) R 



2ca 4 \ 3 2 y /\ 2 / 8(3^-1) 

The last term has been introduced in ifllsLQll]. In the action, A, K,fi, co,A w and Q are the coupling 
parameters, and Cy is the Cotton tensor defined by 

C U = ^i v ( R j _ 1 R6 j j (12) 

The study of the perturbations around the Minkowski vacuum shows that there is ghost exci- 
tation when | < A < 1. This indicates that the theory is only well-defined in the region A < | 
and A > 1. Since the theory should be RG flow to IR with A = 1, we expect that at UV, A > 1 to 
have a well-defined RG flow. At IR, A = 1, the kinetic term recovers the one of standard general 
relativity. Comparing (flOl) to the action of the general relativity in the ADM formalism, the speed 
of light, the Newton's constant and the cosmological constant emerge as 



c = it\j*_ t G = ^ A= l Aw . (13) 
4 \ 1 -3A 32nc 2 W V J 

It follows from (PTSl that for A > 1/3 ,the cosmological constant A w has to be negative. It was 
noticed in |8j] that if we make an analytic continuation of the parameters 

/j — » z/i, co 2 — » -ia» , (14) 

the four-dimensional action (flOl) remains real as 

= ^|^(^ 7 ^-^ 2 )|, 

= ^|.V(A^-3A^) + .V(l-4i V 
\ 8(3i-l) 32(3/1-1) 



2o> 4 \ lJ 2 
In this case, the emergent speed of light becomes 



4 V 3,1-1 V 
The requirement that this speed be real implies that A w must be positive for /I > ^. 



III. ELECTROMAGNETIC FIELD IN HORAVA-LIFSHITZ STATIC CURVED SPACETIME 

The electrodynamics in curved spacetime has been discussed many times in the old days. 
Ellis(1973) first wrote down the Maxwell's equations in 3 + 1 congruence language. Later the 
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Maxwell's equations in 3 + 1 form were fully discussed by Thorne, Price, and Macdonald(1986). 
The Maxwell's equations in a curved spacetime could be written as 



V V F" V = 0, 

d M F vp + d v F piI + d p F MV = 0, 



(17) 
(18) 



where F ^ is the antisymmetric electromagnetic tensor and F MV = F a pg aM gP y . The electric field £, 
and magnetic field //, are related to F^ as 



E i = F H , H i = - 6 -^y[=g-F*, 



(19) 



where Ej and H, are spatial vectors. The electromagnetic action in the curved spacetime could be 
written in 3 + 1 form 



S em = j dtd 3 x yfhNgem [F tk F ,k + F kt F kt + FijF ij ] 



(20) 



where g em is a constant. But the action at the Lifshitz point may be very different. This has been 
discussed by Hofava[23], Chen and Huang Il24ll . In the paper Ii2411 . Chen and Huang showed the 
action of Yang-Mills gauge field at the Lifshitz point in the flat spacetime as 



YM 



- j dtd d x —TriEiEd -Yj dj* FJ 



J>2 



where 



, nj 



M 



-D 



In 



(21) 



(22) 



Here F and D are the abbreviated denotation for F t j and D k respectively, and Xj t „ are the the 
coupling with zero energy dimension. Similarly D 2n ★ F 1 also contains all possible independent 
combinations of D k and F t j. The action of Yang-Mills theory at Lifshitz point in curved spacetime 
should be similar with action show above. To the static charged black hole, F tr component of F^ 
is not zero and it must be functions of r. If there are independent magnetic charges in the world 
and the static black hole absorbs some magnetic charges, the magnetic field component H r should 
not be zero. From (fT9l) , F 6 ^ should not be zero. So the action of electromagnetic field to static 
charged black hole will be reduced to 



S em = J dtd 3 x£ em = J dtd 3 xyfhN2g em [F tr F tr + F e 

From the equations (flTT) and (fT"8l we get four independent equations 

d r (yfhNF tr ) = 0. 

d ( ^hNF 9 *) = 0, df( ^hNF 8 *) = 0. 

drFgs + dsFrQ + dgF^r = 0. 



(23) 



(24) 

(25) 
(26) 
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IV. STATIC CHARGED BLACK HOLE SOLUTIONS 



As the discussion in the first paragraph, we now seek the static charged black hole solutions 
with the metric ansatz 



ds 2 = -N(t, rfdt 1 + — — (dr + N r dt)(dr + N r dt) + r 2 (d6 2 + sin 2 6d(p 2 ). 
f(r) 

With this metric ansatz, from (1241) . F tr should satisfy the equation 



(27) 



^-r 2 F»- 

V7 ) 



= o. 



The solution of this equation is 



Nr 2 ' 



where Q e is an integration constant. From (1231) and (12~6l) , F 9 * and Fg* should satisfy 



(% 



N 

—r 2 smOF 6 ^ 



\4J 

The solution of the three equations are 



0, d, 



N 



r sin 



m6F e * 



0, drFgs = 0. 



Qm 

^sintf 



(28) 



(29) 



(30) 



(31) 



where Q m is an integration constant. So from the action (1231) , the Lagrangian of electromagnetic 
field is 

N O 2 - O 2 

V7 r 

The whole action of electromagnetic field couples with Hofava-Lifshitz gravity is 5 = S hl + 
S em . Substituting the metric ansatz (1271 ) into the Lagrangians (ITOb and (1231 ), up to an overall scaling 
constant, we get 



1 



(1 -\)r>f\tf r + N r ±j\ +2(l-2A)fN; 



f 



f 



2\t2 



-4ArfN r \N r + N r ^jj\, 
^L(2-3A w r 2 -2f-2rf' + t-±f' 2 



2X(J-\) l , + (2^-D(/-l) 2 



V7 r2 



A w r 2 



(33) 



(34) 
(35) 



6 



where N r = N r /f and ' means derivative to r. Here we have set c = 1 and g em = K 2 g em /2. The full 
Lagrangian is X = -Ck + -Cv + -Cem- By varying the action with respect to the functions N r , f and 
N(i), we obtain three equations of motions, 



7 7 1 f " /' 3 / , AC 1 - 2A f N r N r 
N { If If r i-Afr r 2 



N \ If 1-/1 r 



\ 2f l\ A W J A w r } [A W J A w r 2 

+1 1(1 - A)r 2 fN r N'; + 1(1 - V/"A? - (1 - i)r 2 //< 2 + (1 - A)r 2 f'N r N' r 



+ 2(1 + A)r/iVX + (1 - A)r//V 2 + (6,1 - 4)/7V, 2 } + {X^ + £ y } - g ew ^ 6e 2 6m (37) 

= + Xy + £ em . (38) 

A. Solutions with Projectability Condition 

For the projectability condition, lapse function iV only is a function of t, N' is zero and we can 
set N(t) = 1 with the time rescaling. Obviously for all A, N r = is a solution of (|36l ). In this case, 
we assume ansatz f(r) = 1 + yr 2 , just when 2 = 0, from (T37T),(r3Sl), we get quadratic equations of 

y 2 -2A w y-3A 2 w = 0, (39) 
y 2 + 2A^y + A^ = 0. (40) 

Their solution is y = -A w . This solutions corresponds to a maximally symmetric space with 
curvature Aw. This result has been shown in paper Il25ll . 

In the IR region where A = 1, the equation (|36l) is reduced to 

f'N 

^-=0. (41) 

Its N r = solution has been discussed above. It has another solution as / = constant, when / is a 
constant, we could get the same equation from (l37l).(T38l) as 



t ^y^ N K 1 / a a , 2(1-/) , (l-/) 2 6^ ~ Ql ■ „ 



The solutions of this equation are 



1 M Af , (l-/) 2 . Q 2 e - Q 2 m .... 

Nr = ± f^T + ~2 r +if ~ 1) + -2A^ ~ • (43) 
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Especially when / = 1 , the solution reduces to 



iV r = +a/— + ~T~ r ~Sem J • ( 44 ) 

It is a (A)dS-Reissner-Nordstrom black hole written in Painleve-Gullstrand type coordinates. Es- 
pecially when Q e = Q m = 0, it is (A)dS-Schwarzschild black hole which has been shown in 1I25I1 . 
The electric field of the black hole (@4j) is E r = F tr = (-Q e )/r 2 . Its charge is 



Q BH = — f i-d&= —E r ■ Anr 2 = -Q e 
An J s An 



(45) 



where S is a closed surface everywhere with the same r and da is surface integral element. We 
should choose g em = 1 when the solution (|44l) is a charged black hole with charge +Q e . 

In the UV region where A £ 1, when / is a constant, from (l36l). ((37T) and (1381) . we get three 
equations, 

0= (46) 
r r 1 



, 4(1 -A)(f- 1) 
A w r 2 f 



= (1 - A)r 2 N' t 2 - AArN r N' r + 2(1 - 2,1) Af 2 - 



1 L A o » 2 . (2i-lX/-D 2 ) , 9 - 6 2 -Q 2 
•- |2(1 - /) - 3A w r + — 1 + 2g em — 



= (1 - A)r 2 N' 2 - AArN r N' r + 2(1 - 2A)N 2 



1 ion a a a 2 , (2i-l)(/-D 2 ) , Q 2 . ~ Ql 
■- |2(1 - /) - 3A w r + — 1 + 2 gem — 



Just when / = 1 and <2 2 - <2 2 = 0, they have a solution as 



A /. = + I f ff r , (49) 



\(3^-D r " 



This solution actually describes the same de-Sitter space-time. One easy way to see this point is 



to change inversely into the Schwarzschild coordinates. This result is the same as paper [25] 



B. Solutions without Projectability Condition 

Without projectability condition, N is function of r, N' isn't zero. In the IR region where A = 1, 
the equation (l36l) is reduced to 

(4-i) N i-°- 

Its solutions are N r = or N 2 = f. In the case N r = 0, with the same discussion above, we find a 
solution 

/=1-A w r 2 , (51) 



and the function N(r) is unconstrained. This result is the same as paper [8| 
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When A = 1, in the case N 2 = /, from ([37T).d38l). we get one same equation, 

= 2 [rfNl\ + Ul - f) - 3A W S - 2rf + + - 2g em ^j^. (52) 

This equation has a solution as 

N 2 = ^,f=l- A w r 2 - ^cr + 2~g em K w {Ql-Ql\ (53) 

Where fi, c are integration constants. If we reconsider the action ([111) which contains the "soft" 
violation term, we could get a equation similar as (|52|) as 



= 2 [r W J + ("2-^(1 -f-rf)~ 3A w r + / + j - 2^—^54) 



Its solution is 



? = f = 1 + (H - Aw) r 2 - ^(Q - 2A W V + cr + 2g em A w «2 2 - 2 2 ), (55) 



N' 

rf 



Where J3, c are integration constants. When Q m = 0, this solution is similar as paper [14] and 
When Q 2 e - <2 2 = it is the similar as |12l| . The solutions (|53~1).(155T) are two especial static charged 
black hole solutions. 

In the UV region where A £ 1, when N r = 0, from (1371) .(1381), we get two equations, 



n ^ a 2 of o/^ A ~h'2 W-j) / . (2i-l)(/-D 2 .„ Q 2 e - 
0= 2 - 3A w r - 2/ - 2rf + — — f /+ — 2g em — C56) 



= (y - Ln\ U + *zlf - mzR\ +N {*zlf + 2 <' zW ~ ■> \ (57) 



2/ ) { A w A w r J ( A w A w r 

They have two new solutions as 

r, r, ^ 2A± V6A-2 1+3/1+2 V6A-2 / — 

Q 2 - 2 2 = 0, / = 1 - A w r 2 - ar^^, N = ar ^~ ^ ( 58 ) 

where a, a are constants. The solutions has been got by paper 



Acknowledgments 

The work was partially supported by NSFC Grant No. 10535060, 10775002, 10975005 and 
RFDP. I would like to thank Bin Chen for drawing my attention to Hofava-Lifshitz gravity and 
giving me many useful suggestions. 



[1] P. Horava, "Membranes at Quantum Criticality," JHEP 0903, 020 (2009) I a rXiv:08 12.42871 [hep-thll ■ 
[2] P. Horava, "Quantum Gravity at a Lifshitz Point," Phys. Rev. D 79, 084008 (2009) larX iv:0901.3775l 
[hep-th]]. 



9 



[3] E.M. Lifshitz, "On the Theory of Second-Order Phase Transitions I & II", Zh. Eksp. Teor. Fiz 11 
(1941)255 & 269. 

[4] B. Chen and Q. G. Huang, "Field Theory at a Lifshitz Point" larXiv:0904.4565 1 [hep-thl . 

[5] R. G. Cai, B. Hu and H. B. Zhang, "Dynamical Scalar Degree of Freedom in Horava-Lifshitz Gravity," 

Phys. Rev. D 80, 041501 (2009) HarXiv:0905.0255 1 rhep-thll . 
[6] B. Chen, S. Pi and J. Z. Tang, "Scale Invariant Power Spectrum in Horava-Lifshitz Cosmology without 

Matter," JCAP 08 (2009)007. larXiv:0905.2300 [hsp-th]. 
[7] M. Li and Y. Pang, "A Trouble with Horava-Lifshitz Gravity." larXiv:0905.275 fl Thep-thl . 
[8] H. Lu, J. Mei and C. N. Pope, "Solutions to Horava Gravity." larXiv:0904. 1 5951 [hep-thl . 
[9] Horatiu Nastase, "On IR solutions in Horava gravity theories," arXiv:0904.3604 [hep-th] 
[10] A. Kehagias and K. Sfetsos, "The black hole and FRW geometries of non-relativistic gravity," Phys. 

Lett. B 678, 123 (2009) HarXiv:0905.0477i rhep-thll. 
[11] Ahmad Ghodsi , "Toroidal solutions in Horava Gravity," larXiv:0905.0 836 [hep-th]. 
[12] Mu-in Park, "The Black Hole and Cosmological Solutions in IR modified Horava Gravity," 
larXiv:0905.448O [hep-th] 

[13] E. O. Colgain and H. Yavartanoo, "Dyonic solution of Horava-Lifshitz Gravity," JHEP 0908, 021 

(2009) HarXiv:0904.4357 1 rhep-thll . 
[14] Rong-Gen Cai, Li-Ming Cao, Nobuyoshi Ohta, "Topological Black Holes in Horava-Lifshitz Gravity," 

Phys. Rev. D 80, 024003 (2009) HarXiv:0904.3670l rhep-thll 
[15] Ahmad Ghodsi and Ehsan Hatefi, "Extremal rotating solutions in Horava Gravity," arXiv:0906.1237 

[hep-th]. 

[16] T. Harko, Z. Kovacs and F. S. N. Lobo, "Testing Horava-Lifshitz gravity using thin accretion disk 
properties," Phys. Rev. D 80, 044021 (2009) HarXiv:0907.1449| [gr-qc11. 

T. Harko, Z. Kovacs and F. S. N. Lobo, "Solar system tests of Horava-Lifshitz gravity," 
larXiv:0908.2874l [gr-qc] . 

L. Iorio and M. L. Ruggiero, "Horava-Lifshitz gravity and Solar System orbital motions," 
larXiv:0909.2562l [gr-qc] . 

[17] Thomas P. Sotiriou, Matt Visser, Silke Weinfurtner, "Phenomenologically viable Lorentz-violating 

quantum gravity", Phys.Rev.Lett.l02:25 1601,2009, larXiv:0904.4464| [hep-th]; "Quantum gravity 

without Lorentz invariance." larXiv:0905.2798l [hep-th]. 
[18] Painleve P. La mecanique classique el la theorie de la relativite(Classical mechanics of the theory of 

relativity).C. R. Acad. Sci. (Paris), 173 (1921), 677C680. 
[19] Gullstrand A. Allegemeine losung des statischen einkorper-problems in der einsteinshen gravitations 

theorie (General solution for static onebody problems in Einsteins theory of gravity).Ar&/v. Mat. As- 

tron. Fys.,\6{%) (1922), 1-15. 
[20] Lema/tre G. L'nivers en expansion (The universe in expansion). Ann. Soc. Sci. ( Bruxelles), A53 (1933), 

51-85. 

[21] Hawking S W and Israel S W (editors). Three hundred years of gravitation. Cambridge University 

Press, England (1987). See especially the discussion on page 234. 
[22] A.A.Kocharyan, "Is nonrelativistic gravity possible?" Phys. Rev. D 80, 024026 (2009) 

HarXiv:0905.4204l [hep-th]] 
[23] P. Horava, "Quantum Criticality and Yang-Mills Gauge Theory," arXiv:081 1.22171 rhep-thl. 
[24] Bin Chen, Qing-Guo Huang, "Quantum Criticality and Yang-Mills Gauge Theory," arXiv: 0904.4565 

[hep-th]. 

[25] Bin Chen, Jin-Zhang Tang, "Static Charged Black Hole to modified Horava-Lifshitz Gravity with 
Projectability Condition," arXiv:0909.4LT7l [hep-th] 



10 



[26] Elias Kiritsis, Georgios Kofinas, "On Horava-Lifshitz Black Holes," larXiv:0910.548 7 [hep-th] 

[27] Dario Capasso, Alexios P. Polychronakos, "General static spherically symmetric solutions in Horava 

gravity," larXiv:09 1 1 .T535T hep-th] 
[28] M. R. Setare, D. Momeni "Plane symmetric solutions in Horava-Lifshitz theory," arXiv:0911.1877 

[hep-th]. 



11 



